§ Covo.ﬁm& dervivatives (0(0 Cormo §(+Q-)
G?vew a Surface S c iR% , recall #hat a vector feld on S

X . S —_ Rg (S‘W\oo‘b\a)
* 1S +au5w'\'€a| f X‘, (4 T‘,S VpeS
¢ is normal ¥ X ¢(T,S) VpeS

DC;‘F: : % (S) = { ‘\'anﬁeu\{—ic\\ vectoy fields an S H

%L(S) = { norwmal vectoey felds on Sl)

Q: How to diHferenttate vectoy fetds iy %(S) 2

A'- Covan‘ow\‘\' deﬂuo‘h‘ues'

DQ‘F!": Given X , Y e *(S) ) define the coveriant

devivative 0'(L Y alo“% X as

va = DY )T

wheve ( )T re-(:evs 4o +Hae +on52uh‘c.l Wwwnwf 0{1 a vector

based at P € S acwtdw‘ns 4o ‘e Of-('kojcvw.l S?‘ﬁ*t‘hé



v v (*)
v = v¥ 4+ vt

(ae‘,ws> (R9T,R = T,s @ (T,5)"
own ?

Rewmaorks : (1) Reesht tat DY (p) depemés ONLY on

(o) +he vector Xp
and  (b) +he vales of Y restricted o ANY  curve

o:(-£,£) = R° st 0UI=ZP , ot'(o) = X?

DY (p) = :Tt t Y (o (+))

Heucl, +his it well-defrned evem

X, Y are ovly defined on S .

(2) X, € %(S) > VY e X(S)

We nNow S‘t’uc\/j Sowme flMPo't'fAv\"’ PYDPM{'"CI v'F v .



Roerties of UV :let X,Y,Z e X(S), fecC(5),

Q , b ove veal coustants.

(1) Liuear?'ho in both vartables:
Vx( a¥Y +bZ) = aN, Y + b Y7
Vexswy & =001 + bU T

(2) Liebwniz vule: V*( Y) = X)) Y «+ U,Y

(3) Tewsorial : \V) X\( = VXY

(4) Tovsiow free: VXY - VUsX = [x,Y1]

(5) Metric c»w?am\o? \i'ha :

XY, Z> = <KUY, LY+ <X, UT>

Qewmk: The covariewt dervivative

T X(S) x ¥(5) —— X(S)

X Y +— ¥V, ¥

»

s uw‘%ml.a defined by progerties 1) = (5) obove!

) Fundamental Theovem of Rlewmanunran 9eowwtwa"



M T+ follows from +he fact et (1) - (5) ave
“ w . 3
satifred with \ vV fep\aczd b‘a D for vector fetds in R

Eg. To prove (s)

)

X <Y, 25 = <DY, 2>+ <Y, V&>

(smee Y. 2 eX(9) = <(DY),Z> + <Y, (D) ¥
— i

Ux Y Ux?Z




g E"ns‘l’em Summation Cowvnveuntion

2 kinds of wmdices: wppey & lower

* Sawe iwdex appeaving BoTH os an vpper & lower fndex

n te same terwvi =/ Suwr ovev +his udex

x', x, .., x" (vpper )

9 o)
- - (fower )
oOX' ,.-. X"

X z": ?— = a:a—
=) oX T oxt
Etustedn
Summaton
Lonyention

X(u"‘:) :U— S ¢ \'R3 Pammzthuﬂov\

Write ’a: .= X Coordinete vector Fretds

—

oul
An3 +am5u-h'a| vector fetd X € ¥(S) com be locatly

expre::eé as X - 0»" % = ak Dk

N/

‘.cl;uw\ wA ’ (‘V\AQ‘ “

i £5 - % = < 9, 9>

Tk
(34 - . : S:c
iwerre:  (gl)= (%)‘ 3" 9 ¥
> X

d
f.{' : ;' - e ——
A J U oW

<a;9:,b333> :%Ua‘b5



§ ChtiS‘i’o‘H:e| Sawbg\s (O(o Cormo © “43)

C‘ﬁvem o Pommtw‘za-h‘on X(u’,u’) on S

w : - gX X
+om59 t vectovs: 9, = ﬁ‘ 9, = ‘saz
O % Q2
i\ 91 x o2 |l

At each ?m'vd' ‘> ¢ S we Wave +hee or'l-ho%oua\ g?\“-ﬁ-'n%:

e TR = TS @(T,S)
L'_Y—’ \—y—/
basis ..92]L

(G
Comtion: NOT ortuonovwmel !

(95) =<9:,9> % &

e hove a 2-porameter fawily of basis of R3 olong S

Similar 40 a lmovv'lB
_meo,’ but NoT

orthonormaal !




DWEﬂ: The Christoffe | ?Dmbds T::‘O‘F [ aa‘vm coovdimate

System W', u* is defined as

an: % = Tj 2 \

Prop: (0 T.‘; =T; (5gmmetry)

2) P K oszul
XT.J 2 g (?; gcJ + aJ 931- - al 9j) ‘ Formula

Prosf: (1) Since V is +ovsion-free , i-c.

V,a;‘?‘j —Qaj'a; = ['3;.'93-] =0

L—w

(2) Since VU s wetric wm?a-ﬂb\e,

X<Y, 2> = (YUY 2>+ <Y, U, 2>

’For omta +an5wh'a.|
veckor Feds X Y, 2 ¢ X(S)



Th partienler, if we choost X=9 ,Y¥Y=9, k%2 = Jj

D 9% = <Th 9.9+ <90, T} 0>

-k -k
e %"J * If-J Qi
Cﬂcifc\3 Pe'wu'h'hj ;,i R we ebtain uso‘waa (1)

Y Y
= 9% = Uy + T %0

-k -k
+ %= 15 %u“‘%

—k — &
+ 33%12= “z%\ﬁ + |3-' %J.k

9; 913 t 9; i - ’3‘9:.3 = 29, T:jk
Mn\‘\'ip\jiuj b‘g %MQ ow both sideS

2 -t . o
%M (?;gld'.' ’ajgil’?laﬁ)‘: 2% gkﬂ, "J =2 "J
"
$"x
Diui&‘ns 2 ow bath sides and cwitth m 4 k %ive:

+e desved rmula .




