
 

Covariant derivatives

Given a surface S E IRS recall that a vector field on S

X S 1133 smooth

is tangential if Xp E Tp S t p ES

is normal if Xp C Tps V p e S

Def't Jt S f tangential vector fields on S

Ift S f normal vector fields on S

Q How to differentiate vector fields in 2 S

A Covariant derivatives

Def't Given X Y C ALS define the covariant

derivative of Y along X as

7 4 D Y

where IT refers to the tangential component of a vector

based at p E S according to the orthogonal splitting



R3 TpR3 Tps Tps
deogenpds

l l
u a ex

V T 1

Remarks i Recall that D Y p depends ONLY on

a the vector Xp
And b the values of 4 restricted to ANY curve

2 C E E IRS St Alo p x'cos Xp

Sµq
µ

Dilip Yeah

Hence this is well defined even

X Y are only defined on S

2 X Y E H S 8 4 E S

We now study some important properties of T



Properties of D Let X Y Z e S f E S

A b are real constants

1 Linearity in both variables

7 1 a Y b 2 a 0 4 t b 0 2

Tax by 2 a 0 2 b Ty 2

2 Liebniz rule Ox FY X f Y t f 7 4

3 Tensorial Of Y f 7 4

4 Torsion free 8 4 Ty X X Y

5 Metric compatibility

X C Y 2 s 7 4 Z t LX 0 27

Remark The covariant derivative

T S x S S

X Y l 7 4

is uniquely defined by properties
I 5 above

Fundamental Theorem of Riemannian geometry



Proof It follows from the fact that I 5 are

satisfied with T replaced by D for vector fields in IRB

E.g To prove 5

X LY Z C 17 4 Z CY DEE

since Y 2 c ACS D Y
T 2 CY Dx257

it Il

0 4 8 2
D



Einstein summation convention

2 kinds of indices upper lower

same index appearing BOTH as an upper lower index

in the same term Sum over this index

F coordinates in IR X X X upper

coordinate vector fields in B n lower

vector fields in IR X II ai p
Ai i

Einstein
summation
convention

E g I Cu u U S E iR3 parametrization

write Ji coordinate vector fields

Any tangential vector field X C S can be locally

expressed as X a 2 a 2k
T 1
dummy index

1st f f gig C 2 Dj
E9 Lai Zi bJ2j GijaibJ

gikgig Sijinverse g gig

2nd f f Aig 45 N
Zuiduj

I I



Christoffel Symbols

Given a parametrization ICU li on 5

tangent vectors 2 3 22 3
Unit normal N 2 22

112 2211

At each point p E S we have the orthogonal splitting

1123 TpPs3 Tps Tps
basis 21,22 I N

Caution NOT orthonormal

gig L Ji 2 F Sij

We have a 2 parameter family of basis of 1123 along S

N NB
similar to a moving

b N
N v

y



kDef't The Christoffel symbols Iij of a given coordinate

system u U2 is defined as

Ty Jj Tif 2k

Prop in Tig symmetry

KoszulZ
Tijk Iz 9 2igej t 3 Gie 2e8ij formula

Proof i Since 8 is torsion free i e

Ty j TgTri 2i Jj O

Il

Tijk Tj 2k

2 Since T is metric compatible

X LY Z 0 4,2 t C Y 7 2

for any tangential
vector fields X Y 2 C ICS



In particular if we choose X 2 Y Ii 2 3
k Tf2egij Tei 2k 2j t Tri e 2k

Th Tie Gkj t e Sik

Cyclicly permuting i j l we obtain using i

Th TiDeGij e 8kg t e Gik

Th g h
2iGje ij ke TieGjk

Tk g h
Jj Sei je hi Tji Sek

Zi Gej t 3 Gie 2e8ij 2 Glee Tijk

Multiplying by Gml on both sides

Gml 2igej t 3 Gie 2egij 2 GmlGlee Tijk 2 Tijm
11

Smk

Dividing 2 on both sides and switch in to K gives

the desired formula

D


